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By HermonM. Parker

E(IDYOF

THEORY

SWMARY

The problemof the three-pointbody of revolutionthat has minimum
wave drag,basedon line=ized supersonic-flowtheory,has been solved
formallywithoutresortto slender-bodyapproximations.The evaluation
of the source-distributionfunction,as well as the body shape,requires
numrical procedures.Completecalculationsare made for the special
caseof a closedbodywith a given section(thethirdpoint)at the mid- .
bodyposition. The existenceof a cornerat the thirdpoint is foundto
be characteristicof a ligear-theorysolutionof the minimum-dragtbree-
pointproblem. The conclusionis reached
forwardend rearwsrdportionsof a closed
in the radiiof the minimm-tiag shape.

INTRODUCTION

that the influencebetweenthe
body resultsin a smallincrease

A largenumberof minimum-dregprobl+ have been solvedby using
the slender-bodyapproximationto the linearizedsupersonic-flowtheory.
M 1935Von K&m&n (ref.1) determinedthe proJectiletip tlmt has mini-
mum wave drag acco- to slender-bodytheory. LaterSears (ref.2)
and Haack (ref.3), using slender-bodytheory,determinedminimum-wave-
drsg shapesfor projectiletips and closedbodiesof revolutionsubject
to variouscombinationsof auxiliaryconditionsof constantlength,con-
stantcaliber,and constantvolume.

Ferrari(refs.4 and 5) has consideredthe minimum-dregproblemfor
the length-caliberbody end the ductedbody on the basisof lineartheory
withoutresortingto the slender-bodyapproximation.Becausehe used
the linearizeddrag int&p?al= the triple-titegralform,Ferrarifouud
it necessaryto use a seriesexpansionfor the source-distributionfuuc-
tion,whichintroducedconsiderablecomplexityat an esrl.ystagein the
anEd.ysis● RecentlyParker (ref.6) reducedthe linearizeddrag integral
for bodiesof revolutionto a double-integralform and determined,with-
out resortto slender-bodytheory,the minimum-wave-dragshapefor a
transitionsectionbetweentwo semi-infinitecyldnders,a specialcaae
of.whichis the projectiletip.

.. —- .—. . — ..— — —



2 NACA TN 3704

This paperpresentsa linear-theorysolutionto the problemof deter-
miningthe three-pointbody of revolutionthat has minimumwave drag. The
body configurationis the transitionsectionof reference6 with the addi-
tionalreqtiement thatthe sectionmust have a givenarbitraryradiw at
a givenarbitraryposition(thethirdpoint). The linearizeddrag integral
in tiubb-titegralform fromreference6 is used,- two auxxM.cuyco~-
tions shil.srto the one tiiMzed in reference6 sre employed. ~ source
distributionfor minimumdrag is obtainedin a closedform involvinga
singleintegralof elliptictypewhich,presumably,is most conveniently
treatednumeri~. Determinationof the shaperequiresan additional
numericalprocedure. A closedbody with the maxhum sectionat the mid-
poiut is chosenfor a completecalculation.The minhum-drag shapehas
a cornerat the positionof the thirdpoint. For this specialcasethe
shapeis slightlyasymmetric.The radiidownstreamof the maximumsec-
tion are about1 percentlargerthan the correspondingradiiupstresm.

.

SYM1301S

a

c

D

f

ft

L

M

r

R

%

RI

Ra

1

axialcoordinateof fixedthirdpoint

constantfactorin source-ihtributionfunctionfor special
body,ft/sec

&rag,J.b

source-distributionfunction

derivativeof f with respectto its srgument

an axialdistancein eq~tion (1)suchthatwhen x ~ L there
is no momentunflowthroughthe controicylinderof ra&us R1

free-stresmMach nmber

radid distancein cylindricalcoordinates

radiusof generalpointon body

radiusof upstreamcylinder .

radiusof downstreamcylinder

radiusof fixedthirdpetit d

stepfunctiti(unityfor negativesrgument,zerofor positive
argument) ..
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u

‘r

x

$ =

M ‘

P

free-streamvelocity,ft/sec

radialvelocity,ft/sec

* distancein cylindricalcoordinates

@=

variationin derivativeof source-distributionfunction

free-streamdensity,slugs/cuft “
*

hl,A2 Lsgrsmgianmultipliers

E>n dummyvariablesof integration

u axialcoor&lnatewheresourcesbegin

All Mstances are made -nsionless by usingthe lengthof the body
as the unit of measurement.

ANALYSIS

~ linearizeddrag integral.for a body of revolutionis (ref.6)

D=

(1)

Equatim (1)givesthe dragof an axisLdi%ributionof sources f(~)
whichbeginsat u and is subjectto the conditionthat therebe no
momentumflowthroughthe controlcylinder of radius R1 for x ~ L.

-e 1 is a schematicrepresentationof the generalconfiguration.
The downstreamendupstreamcylindersare of radius R1 and Ro, respec-

tively. The body contouris requiredto have the radius Ra at x = a,
the thirdpointof the “three-pointproblem.” The distances % W a
are given,arbitraryvalues;that is, the drag is not minimizedwith
respectto the locationof the thirdpoint. The radiusof the control
cylinderof equation(1) is takenas Rl, the radiusof the downstream
cylinder. For all lengths,the lengthof the body is used as the unit
of measurement.

.. --- —— ..- _+_ .—..— ——-. ..— —-. ..—
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The @m auxiliaryconditionsrequirethat the point (l,R1) be
on the ssme streamlineas (O,RO),that is,

J
1

PW(R12 - Ro2) = %P Rlvr(x>Rl)dx
~(R1-Ro)

(2)

and that the tklrdpoint (a,%) be on the same streamlineas (O,Ro),

that is, .

puJr(Ra2- J’l?(-f) = ~p a ~vr(x2Ra) dx (3)
$(%-%)

.

From the generalsolutionof ths line= supersonic-flowequationfor
the case of axislsymmetry,the radialvelocityis givenby (ref.1)

J’
x+r

Vr(x,r)= :
-m

f:(g)(x- g)ag

F===
(4)

In We presentproblem f‘(~) vanishesfor 5< -~Ro= u. ~serting

equation(4)into equations(2)and (3),interchsmgingthe orderof inte-
gration,and integratingover x yields

(6) .

.
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For the minimiz~ processwhichis to follow,it is mathematically
convenientto chsngethe integralin equation(6),to an integralover

the rauge -BRo to 1- ~Rl by defiminga stepfunction~(fj-a+&)

suchthat

~(g-a+f3R.)= 1 (5 = a - 13Ra)

M-a-t-lma)= o (~>a-p~)

Therefore,equation(6)may be written

(7)

The problemof ndnimizingthe drag givenby equation(1)with
u =-~Ro snd L= 1, subjectto the auxiliaryconditionsgivenby equa-

tions (5)and (8),can be expressedin the usualmannerof the calculus
of variations.The expression

‘(f’Ja~~JE@J“J“ J“’’(~)‘l(’J‘*-1w ‘q+

(9)

(whereconstantfactorshavebeen absorbedintothe Legrsngianmultipliers
Al and X2) must have a zerovariationcorrespondingto an afbitrarysmall

variation bf’ ~ f’j thSt is,

G(f‘+8f’,a,Ro,Rl,&)- G(f’,a,Ro,Rl,&) = O (lo)

Combiningtwo terms,afterinterchsmgingdummyvariablesin one, aud

neglectingthe term iumlving (bf’)2 yields .

— _. ..__ ..- —.— ——— ———. —. —. --.—— ————-
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l-f3Rl
bf’(~)

-w

1

JIACAm 3704

+

(U)

J’
l-full

-1 (1 - E)(l- 7) - j3?Rf
f’(q)cosh

-P% ~Rl(~- q) ld~+~.-+

II (12)A2~(~-a~a) (a - 5)2.- p2Ra2= O

An integration‘byparts,with f(-~Ro)= O, yields

= H(g) (13) .

or, if

f(lj)

F=== ‘(q)
(14) “

. . .—
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The solutionof eqpation(14)is

where K is a constantand” ~ is in the rsmge -~~E~l-~R~. A

discussionof the conditionsfor the existenceof this solutionis given
byl?ricomiin reference7.

It is a straightforwardprocedure to showthatthe solutionof eqw-
tion (13)is

A convenientfomn of the solution,whichcan be obtainedby algebraic
manipulation,is

where

.
(18)

.

. ..— .— - ..-— . _ _______ _____ _ ____ ——— —- -
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Requiringthat f(-~Ro)= O yields

{

l+fml-~
+Ml+ml - E.)(E+I%)+A2 @R()) - 1(1~] + I(l+f3Rl) - I(g)

l+pRl+~
f(g) = I O-9)

(l+lml-k)(k+m) .

The constants Al and X2 are determhed by satisfyingthe auxiliary

conditions,equstions(~)and (6). The auxiliaryconditionsare special
casesof the generalshapee~ression for the points (a,Ro) and (l,R1),
and in the generalcasenumerical.proceduresare necesssryin orderto
satisfythem because I(E) couldnot be integrated.If in equation(19)
X2 is set equalto zero,the resultis the minimum-dragsource-
distribtiionfunctionfor the “two-point”problemof reference6.

The generslshqe expressionis

(20)

(whichis eq. (27)of ref. 6, afterinterchangingthe orderof integra-
tion and performingone integration). The shapesatisfiesthe (%thert
simi~ity - (ref.8) so that one calculationgivesa functional.rela-
tion between PR end x for givenvaluesof a, ~Ro, ~Rl, and ~Ra

and thereforegivesa fsndJ.yof minimum-dragshapes.

CAIKXLATIONSFOR A CLOSEDBODY

For a closedbody, ~Ro = ~R1 = O, the source-distributionfunction
(eq. (19))reducesto .

{‘(E)=‘w==‘X1(’2-‘)+‘2’[’(’)-‘(0)]+‘2[1(0)-l(’i}
(21)

“

..- .- .
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where

-3

. .

.,

The
use

1(’)=J’-’%[’a+~R’-‘)(’ - ‘R’- ‘)q(’- ‘r”fi
auxilisry-conditionequation(7),sftersn integrationby parts
of f(o)= O, reducesto

which,whenuse is made of the factthat

reducesthe source-distributionfunction,equation(21.),to

I(g)- [ 1- J@)+d~’I(0)+ 51(0)+ 31(1)~
f(g)= c

r

(22)

aud

(23)

where

Sticethe last auxiliaryconditiontobe satisfied(eq. (6)),which
fixesthe constsmt A2, is a specialcaseof the shapeexpression,it is

convenientto rewriteeqyation(20)for the closedbody as

-&(BR)2 = j’x-pR‘(:) (x - ~)d~

-

(24)
o

The valueof f(E)/C may be calculatedfrom equation(23). Evaluation
of equation(24)for x = a and ~R .=j3Ra (correspondingto the last

— -—. -- —..- ——___
——z ——. . . -
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auxilisrycondition)fixesthe vslueof U/2p%.
a functionalrelationbetween PR and “x giving
drag closedbody.

NACA TN 3704

‘lhenequation(24)is
the shapeof the drd.mum-

.

The completecalculationsweremade for the caseof a = 0.5 ‘and
~Ra = 0.2, a closedbodywith the thirdpointat the symmetricalmidpoint

position. Detailsof the calculationsre givenin the appendix.

DISCWSION OF RESUUJ!S

The problemof the three-pointbody of revolutionthat has minimum
wave dreg,basedon Mnearized supersonic-flowtheory,has been solved
formally. Equations(19)and (20)permitthe calculationof the shape
of the generalthree-pointbodythat has minim.mwave drag. Exceptfor
a slightlyincreasedcomplexityin the firsttwo integrationsof eq~
tion (20),correspon&Lngto the two auxtisry conditions,the calcula-
tionsare essentiallythe ssmefor a ductedbody as for a closedbody.
An actualducted-bodyshapewas not computed.

Figure2 showsthe titegral 1(6) and the qusntity f(~)/C for
the computedclosedbody (a= O.5 and p& = O.2). The one-half-order
singularityin the slopeof I(g) and -f(~) at lj= 0.3 corresponds
to the cornerat x = 0.5. The shapeof the body is givenh figure3
and tableI. An inspectionof the mathematicsshowsthat the corneris
presentfor my finitevalueof ma. In the slender-bodylimit(P%

approachingzero) the cornervanishesas 2(@Ra)2.

Recentunpublishedwork by ClintonE. Brownof the Langley
AeronauticalLaboratoryshowsthat to the orderof accuracyof Mnesr
theorythe wawe drsg of bodiesof revolutionis reversible.With the
plausibleassumptionthatthe minimum-dragproblemhas a uniquesolu-
tion,the body computedhere shouldbe symmetrical.The slightasym-
metryfound (seetable1) is not to be interpretedas a refirtationof
the reversibi13.tytheorem,sincehigherorderterms,of appreciable
influencebecausethe body chosenis ratherthi”&,undoubtedJ.yme handled
(includedor omitted)in Mffer=t wsys in the differenttreatments.

me 4 petits an easy comparison of the minimum-dr~body COm-
puted in this reportwith other~-drag bodieswhichhave been com-
puted. The O~te iS (Rb~ - Rcone)/% Where Rb~ iS the r_US

of the body, Rcone is the radiusof the conewhosevertexis at the nose
of the body snd whosebase is the maximumcrosssectionof the body,and
- is the radiusat the maximumsection. The abscissa x is distsnce

alongthe body and the maximumsectionis at x = 0.5. The figureshows

a
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(A)the
(c)the

3704

forward aud (B)the rearwardportionsof
correspondinglinear-theoryminimum-drag

Sears-Haacksymetricsllength-caliberbody,&

u

the body computedherein,
projectiletip, (D)the
(E)the Von

jectiletip. The radiiof the ndnimum-dr~-bodiesaccording
body theory(D and E) are functionsof x only,whereasthe
minimum-drsgbo~es accordingto lineartheory(A,B, and C)
of ~Ra(=~-) aS well as X.

K’axniiupro-
to slender-
radiiof the
sre fuuctions

It is apparentthatthe lack of symmetryof the body computedherein
(thedifferencebetweencurvesA and B) is of the same orderas the ttLf-
ferencebetweenthat body snd t~ ltiesr-theorytiimxn-drag projectile
tipsplacedbaseto base. Both fOrward@ resrwsrdportionsme thicker
than the projectiletip snd theiraversgeis thickerthau the projectile
tip in approxhatel.ythe ssmeproportionthat the Sears-Haacklength-
caliberbody is thickerthan the Von K&m&u projectiletip. In the
extremecasewhere ~Ra-= 0.5 (ofcourse,completelyoutsidethe rsmge
of validityof lineartheory)the body computedin this reportwould
becometwo Mach conesand the curvesA, B, and C would collapseintothe
abscissa. In the limitingcase, PRs,-0, the three-pointbody becomes
the Sears-liaacklength-caliberbody;that is, curves(A) and (B) coalesce
into curve(D)while curve (C)approachescurve (E).

Therefore, in the rsnge of VSJ.WLty of linear theory, the miuiumm-
drag length-caliberbodywith fixedcaliberin the symmetricalposition
is thickerin both forwardand resrwardpsrtsthau the correspoq
minimwn-drsgprojectiletip. Thus tbe conclusion is reached that the
influence between the forward snd resrwsrd portions of a closed body
r&ml.ts in a SIUKU increase in the radii of the minimum-drag shape.

CONCLUDINGREMARKS

The problemof the three-pointbody of revolutionthat has minimum
wan drag,basedon linearizeds~ersonic-flowthe.og,has been solved
formsllywithoutresortto slender-bodya~roximations. The source-
distributionfunctioninvolvesan integralwhichapparentlycsnnotbe
evaluatedin te~ of simplefunctionsand for whicha seriesexpansion
may be used. Numericalq-atures are requiredto determinethe shape
of the b~.

The complete calculationssre made for a closedbody with a given
section ~Ra = 0.2 at the midbodyposition.a= 0.5. The shape is

slightlyasymmetric.A cornerat the ftied-caliberpositionis found
to be characteristicof a llnear-theorysolutionof the minimum-drag
length-csliberproblem.

.—. —. . . . -_.._ —.. — —— ..— — —— —. . < - .-—-———— —.-. -- . . .
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A comparisonof the computedmbxbnumbodywith otherminimumbodies
leadsto the conclusion that the iufluence betweenthe forwardsnd rear.
ward portionsof a closedbody resultsin a smallincreasein the radii
of the minimum-dragshape.

LangleyAeronauticalLaboratory,
NationalAdvisoryCommitteefor Aeronautics,

=ey Field,Va.,llarch15, 1956.

J
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1(s)
For

.

APmNDIx

DEIMIISOF THE CMCULATIONS

The sourceof Ufficulty in makingthe calculationsis the integral
(eq. (22)),which appearsin the source-distributionfunction.

a = o.~ and pRa = 0.2,

mm thevariablesso that q = 0.15(1+ y) and g . 0.15(1~ t)
yields

.
. 1A

..
lx -l~t~l (o~~g

(0.3< E s 1) it is not
gralsof the type

n

may be evaluated
Tricomi’spaper,

0.3) the integralis singular;if 1< t s 17/3
Singulsr. Since singularand nonsingularinte-

e t -Y

(singulsrtitegralsof
ref. 7),thequsntity

(n = 0,1, 2,...)

this me may be deduced

11/9

[F-W-*J”
was expendedin a power series
obtadnedfor 1(~),one series

in y. m thismannertwo series
for the rauge O ~ ~ ~ 0.3 (-1~

(A3)

from

were
tgl)

and one seriesfor the range 0.3 S ~ S 1.0 (1s t S 17/3). The com-
putationswere performedon a desk calculatingmachineend sevendigits
were carried. At most,twelvetermswere reqtied for seven-digit
accuracy. ValueSof 1(~) were computed* approximately120 pointsin
the range O < ~ ~ 1, with the intervalssmallerin the regionswhere

-.—. _____. -—— ——— .-. .—-______
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1(5) or f(~) changesrapidly. Equation(23)was then usedto calculate
f(~)/C at the pointsat which I(E) had been evaluated.

~ the shapeexpression(eq.

,x-$R
-J%R)2 =
#C J o

The integralwas evaluatedei@er

(24))
.

m (’ - ~)d~

c~

(A4)

by Simpson’srule for graphicalinte-
gration or by replacing f(5)/C by a qyadratic in g over a small range,
depending upon how rapidllythe integrsnd was changing. First,equa-
tion (A4)was evaluatedfor x = O.~ end ~R = 0.2,whichfixedthe
valueof the constant u/2p2c. For a typicalpointon the body,a value
of x was chosenand t%e two membersof equation(A4)were calculated
for trialvaluesof j3R,and by interpolationa valueof ~R was found
to satisfyequation(A4).

Figure2 showsthe veriationof the integral 1(E) snd the quantity -
f(~)/C with ~. -e 3 and tableI givethe s~e of the computed

closedbody, a = 0.5 - ~Ra = 0.2. It is believedthat the overall
errorof the numericalprocedureis suchthat the fifthdecimalplace

A

for f3R is significant.

.4
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TABLl?I

CCWUIED OIU)INATESFOR THECLOSED EODY WITH

a =095 AND &=o.2

x w
o 0
.1 .05764
.2 .Im20

.13%2
:: .l~kl
.49 .19733

● 20000
:;1 .19752
.6 .17285

.14047
:: .10288
99 .05866

1.0 0

NACATN 3704
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Figure 2.- !?3wintegral I(E) and the minlmm-drag source~stri~ion

function f (k )/C. a = 0.5} P% = oz.
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Figure 3.- The computedminimum-dragclosedbody for a = 0.5) ~ = ml = 01
and. p% = 0.2.
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Oistonce alongbody, x

Figure4.-
(

Variationof ~~ - )/~one k tith distancealongbody
for (A)the forwardportionand (B)the rearwardportion(x+(1 - x))
of the body computedin thisreport,(C)the correspondinglinear-theory
projectiletip, (D)the Sears-Haacklength-cal$berbody,and (E) the
Von X&m& projectiletip.

NACA - Langley Fhld,W.
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